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Given a quantum state with an unknown parameter, the Quantum Fisher Information (QFI) is
a measure of the amount of information that an observable can extract about the parameter. QFI
also quantifies the maximum achievable precision in estimating the parameter with a given amount
of resource via an inequality known as quantum Cramer-Rao bound. In this work, we describe a
protocol to amplify QFI of a single target qubit precorrelated with a set of ancillary qubits. A
single quadrature measurement of only ancillary qubits suffices to perform the complete quantum
state tomography (QST) of the target qubit. We experimentally demonstrate this protocol using
an NMR system consisting of a 13C nuclear spin as the target qubit and three 1H nuclear spins as
ancillary qubits. We prepare the target qubit in various initial states, perform QST, and estimate
the amplification of QFI in each case. We also show that the QFI-amplification scales linearly with
the number of ancillary qubits and quadratically with their purity.
PACS numbers: 03.67.-a, 06.20.-f, 33.25.+k
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I. INTRODUCTION
Quantum devices are expected to bring out a revolu-
tion in the way information is stored, manipulated, and
communicated [1]. An important criterion to achieve
this goal is the capability to efficiently measure two-level
quantum systems, or qubits [2]. Spin-based systems are
among various architectures which are being pursued for
the physical realization of a quantum processor [3]. Nu-
clear spins in favorable atomic or molecular systems have
the capability to store quantum information for suffi-
ciently long durations and to allow precise implemen-
tation of desired quantum dynamics. Accordingly, Nu-
clear Magnetic Resonance (NMR) is often considered as
a convenient testbed for quantum emulations [4–6]. In
a conventional NMR scheme, tiny nuclear polarizations
demand a collective ensemble measurement of about 1015
identical spin-systems. There have been several propos-
als to increase the sensitivity of nuclear spin detection.
For example, dynamic nuclear polarization (DNP) trans-
fers polarization from electrons to nuclei, thereby enhanc-
ing the nuclear polarization by 2 to 3 orders of magni-
tude [7]. Optical polarization and detection often enables
single-spin measurements, such as in the case of nitrogen
vacancy centers in diamond [8]. Further improvements
in sensitivity are possible by using quantum metrology
which has recently attracted significant research inter-
ests [9]. Cappellaro et. al. have proposed a metrology
scheme by measuring a set of ancillary qubits after corre-
lating them with the target qubit [10]. N -spin quantum
metrology in the presence of decoherence has been dis-
cussed by Knysh et. al. [11]. Quantum metrology in
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a solid state NMR system exploiting spin-diffusion has
been proposed by Negoro et. al. [12].
The present work involves a single target qubit and a
set of ancillary qubits. While the methods described in
the following are general, and can be adopted for a quan-
tum register with a general topology, we particularly fo-
cus on star-topology registers (STRs). An STR consists
of a central target qubit uniformly interacting with a set
of identical ancillary qubits which do not interact among
themselves (see Fig. 1(a)). Recently STRs have been
utilized for several interesting applications. The main
advantage of an STR is that it allows simultaneous imple-
mentation of C-NOT operations on the ancillary qubits
controlled by the target qubit without requiring individ-
ual control of ancillary qubits. Simmons et. al. exploited
this property to prepare large NOON states and used
them to sense ultra-low magnetic fields [13]. Abhishek
et. al. proposed efficient measurement of translational
diffusion in liquid ensembles of STR molecules [14]. Us-
ing a 37-qubit STR, Varad et. al. demonstrated a strong
algorithmic cooling of the target qubit by repeatedly re-
leasing its entropy to the ancillary qubits [15]. Deepak
et. al. transferred the large polarization of the ancillary
qubits directly to the long-lived singlet-state of a central
pair of qubits in an STR-like register [16]. More recently,
Soham et. al. have utilized STRs to investigate the rigid-
ity of temporal order in periodically driven systems [17].
In this work, we propose and experimentally demon-
strate a protocol to perform the full quantum state to-
mography (QST) of a target qubit in an STR. We find
that a single-scan quadrature measurement of ancillary
qubits of an STR precorrelated with the central target
qubit is sufficient to tomograph the target qubit. More-
over, this procedure leads to a strong amplification of
Quantum Fisher Information (QFI) i.e., QFI scales lin-
early with the number of ancillary qubits and quadrati-
cally with their purity (for small purity, εa,1  1). QFI
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FIG. 1. (Color online) (a) Schematic representation of an
STR, (b) molecular structure of acetonitrile corresponding to
a 4-qubit STR, (c) QST of a target qubit without ancilla,
requiring two independent NMR experiments, (d) QST of a
target qubit using ancilla, requiring a single quadrature detec-
tion of ancillary qubits without decoupling the target during
acquisition. In (d), each RF pulse shown by a rectangle is
labeled with two parameters - nutation angle and phase re-
spectively. The tomography parameters are optimized using a
genetic algorithm subject to certain constraints such as rank,
condition number, and overall signal enhancement [19].
quantifies the amount of information that a given observ-
able can extract about a parameter of a quantum system
in an unknown state [9]. Moreover, QFI allows one to
estimate the quantum Cramer-Rao bound, which sets an
upper-bound for the achievable precision in estimating
an unknown parameter with a given amount of resource
[18].
In the following we first discuss the theoretical aspects
of QST and QFI. In Sec. II A we describe QST of the
target qubit without using ancillary qubits. In Sec. II B
we describe QST of the target qubit after precorrelating
it with ancillary qubits. In Sec. II C we discuss QFI cor-
responding to polar, azimuthal, and dual parameters of
single (uncorrelated) as well as STR (correlated) systems.
In Sec. III we describe experimental aspects of QST and
estimation of QFIs. Finally we summarize and conclude
in Sec. IV.
II. THEORY
A. QST of a target qubit without ancilla
Consider a single target qubit in a mixed state with a
purity factor εt,1 ∈ [0, 1]. In the Bloch sphere, we may
represent it as a convex sum of the maximally mixed state
12/2 and a surface point
|ψθ0,φ0〉 = cos(θ0/2)|0〉+ eiφ0 sin(θ0/2)|1〉 (1)
so that the density matrix
%θ0,φ0 = (1− εt,1)12/2 + εt,1|ψθ0,φ0〉〈ψθ0,φ0 |
= 12/2 + εt,1σθ0,φ0/2,
=
1
2
[
1 + εt,1 cos θ0 εt,1e
−iφ0 sin θ0
εt,1e
iφ0 sin θ0 1− εt,1 cos θ0
]
, (2)
where
σθ0,φ0 = sin θ0 cosφ0 σx + sin θ0 sinφ0 σy + cos θ0 σz
= nˆ0.~σ. (3)
QST to determine the deviation part σ˜θ0,φ0 of the exper-
imental density matrix can now be achieved using two
independent experiments [19] (see Fig. 1(c)): (i) esti-
mating φ0 via a quadrature measurement of Ix + iIy,
where Iα are the components of spin-angular momentum
operators; (ii) estimating θ0 via Iz measurement after
dephasing the off-diagonal terms using pulsed field gra-
dient (PFG). The correlation [20] between the expected
(σθ0,φ0), and the experimental (σ˜θ0,φ0) deviation density
matrices are calculated using
C =
Tr[σ˜θ0,φ0σθ0,φ0 ]√
Tr[σ˜2θ0,φ0 ]Tr[σ
2
θ0,φ0
]
. (4)
B. QST of a target qubit in an STR
Here we consider an N -qubit STR consisting of a single
target qubit surrounded by a set of N − 1 indistinguish-
able ancillary qubits. Under the weak-coupling approxi-
mation, Hamiltonian for the STR is of the form
H = −~ωtI1z − ~ωa
N∑
j=2
Ijz + pi~J
N∑
j=2
2I1zIjz, (5)
where ωt and ωa are the resonance offsets of the target
and ancilla respectively, Ijz is the z-component of the
spin-angular momentum operator corresponding to jth
qubit. Because of the magnetic-equivalence symmetry,
the scalar couplings between the target and ancilla are all
same, say of magnitude J , while those among the ancil-
lary qubits become unobservable (Fig. 1 (a)). In the fol-
lowing we describe (i) precorrelating a target qubit with
ancillary qubits, (ii) implementing an arbitrary transfor-
mation on the target qubit, and (iii) QST of the target
3qubit’s state by a single-shot quadrature measurement of
the ancillary qubits (Fig. 1 (d)).
(i) In a strong Zeeman field B0, the thermal equilib-
rium state of STR under high-temperature approxima-
tion is of the form
ρ0 = 12N /2
N + εt,NI1z + εa,N
N∑
i=2
Iiz (6)
where
εt,N =
~γtB0
2NkBT
and εa,N =
~γaB0
2NkBT
(7)
are the purity factors (each . 10−5) [21]. Here γt and γa
are gyromagnetic ratios of the target and ancilla qubits
respectively, and kB is the Boltzmann constant, T is the
absolute temperature. Thus the thermal state is prac-
tically an uncorrelated state. We utilize the standard
NMR technique, namely INEPT [21] to prepare a corre-
lated state of the form
ρ1 = 12N /2
N + εa,N2I1z
N∑
i=2
Iiz. (8)
The corresponding pulse sequence is shown in Fig. 1(d).
For a large STR with εa,N > εt,N , the above state corre-
sponds to a large anti-phase spin-order and accordingly
leads to a strong NMR signal.
(ii) The target is now ready for an arbitrary local trans-
formation (unitary or nonunitary) so that the combined
state takes the form,
ρθ0,φ0 = 12N /2
N + εa,N (σθ0,φ0 ⊗ 12N−1)
N∑
i=2
Iiz. (9)
Here the deviation part characterizing the target qubit
σθ0,φ0 (Eq. (3)), with θ0 and φ0 being the unknown pa-
rameters, is to be determined via QST.
(iii) The task of QST can be transformed into solving
a set of linear constraint equations [19]. While there is no
unique solution to this task, one looks for a solution that
optimizes certain parameters. A numerical solution that
maximizes the norm of the constraint matrix while simul-
taneously minimizing its condition number is described
in UT part of Fig. 1 (d). The state of STR after applying
the tomography unitary UT is UT ρθ0,φ0U
†
T .
Corresponding to the two Zeeman eigenstates q ∈
{0, 1} of the target qubit, and α ∈ {x, y}, we define four
transverse observables for the ancilla:
Mqα = U
†
T I
A
qαUT , (10)
where
IAqα =
(|q〉〈q| ⊗ 12N−1) N∑
j=2
Ijα
 . (11)
Thus
MQ =
∑
q
Mqx + iMqy (12)
is the effective quadrature observable. The expectation
values of these observables are measured via the intensi-
ties Tr [ρθ0,φ0Mqα] of corresponding NMR spectral lines
separated by the coupling constant J . Thus, a single-shot
quadrature read-out of ancillary qubits provides four real
constraints sufficient to determine the two unknowns θ0
and φ0, and hence achieve QST of the target qubit [19].
C. Quantum Fisher Information
Consider a quantum system prepared in a state in the
neighborhood of ρθ0,φ0 and M be a given observable with
spectral decomposition M =
∑
imi|mi〉〈mi|. Let us first
assume that the polar angle θ has a distribution around
θ0 while φ0 is precisely known. Now we may calculate the
probability fθ,φ0(mi) = Tr(ρθ,φ0 |mi〉〈mi|) corresponding
to the eigenvalue mi. QFI is defined in terms of non-zero
probability distributions as [9]
Fθ(ρθ0,φ0 ,M) =
∑
i,f 6=0
1
fθ0,φ0(mi)
(
∂fθ,φ0(mi)
∂θ
∣∣∣∣
θ0
)2
. (13)
Here ∂fθ,φ0(mi)/∂θ|θ0 quantifies the sensitivity of the
observable M to small fluctuations around θ0. Similarly,
if the polar angle is held fixed at θ0, while distributing
azimuthal angle φ around φ0, QFI is then given by
Fφ(ρθ0,φ0 ,M) =
∑
i,f 6=0
1
fθ0,φ0(mi)
(
∂fθ0,φ(mi)
∂φ
∣∣∣∣
φ0
)2
. (14)
In the following we consider the specific cases of a single-
qubit and an N -qubit STR and estimate the QFI corre-
sponding to polar, azimuthal, and dual-parameters.
1. QFI of a single-qubit: Polar parameter
Consider a single target qubit prepared in the state
%θ,φ0 = 12/2 + εt,1σθ,φ0/2, (15)
where θ is in the neighborhood of θ0 (see Eq. (2)).
Since QFI depends on the observable M , it is natural
to ask which observable maximizes QFI. Such an optimal
observable which maximizes QFI is known as the unbi-
ased observable M←→
θ0 ,φ0
and it satisfies the flow equation
∂%θ,φ0
∂θ
∣∣∣∣
θ0
=
1
2
{
M←→
θ0 ,φ0
%θ0,φ0 + %θ0,φ0M←→θ0 ,φ0
}
. (16)
The solution of this equation leads to the unbiased ob-
servable in the form of a symmetric logarithmic derivative
4(SLD),
M←→
θ0 ,φ0
=
∑
i,j,λi 6=−λj
2
〈
λi
∣∣∣∣ ∂%θ,φ0∂θ ∣∣∣
θ0
∣∣∣∣λj〉
λi + λj
|λi〉〈λj |, (17)
where λi and |λi〉 are the eigenvalues and eigenvectors of
%θ0,φ0 [9]. Since the partial derivative
∂%θ,φ0
∂θ
=
εt,1
2
[ − sin θ e−iφ0 cos θ
eiφ0 cos θ sin θ
]
=
εt,1
2
∂nˆ
∂θ
.~σ, (18)
the corresponding unbiased observable for a single target
qubit turns out to be (using Eqs. (3) and (17)) [22]
M←→
θ0 ,φ0
= 2
∂%θ,φ0
∂θ
∣∣∣∣
θ0
= εt,1
∂nˆ
∂θ
∣∣∣∣
θ0
.~σ. (19)
Since nˆ0.
∂nˆ
∂θ
∣∣
θ0
= 0, the unbiased observable corresponds
to a direction orthogonal to the target state %θ0,φ0 .
Often the measurement observable is not the same as
the optimal (unbiased) observable. For example, a QST
observable makes no prior assumption about the target
state, and hence is in general a biased observable. To
study QFI under a biased observable, we now consider
a deviation of a chosen observable from the optimal ob-
servable via Θ0 = θ0 + δθ0 and Φ0 = φ0 + δφ0. The
chosen (or biased) observable is of the form
M←→
Θ0,Φ0
= εt,1
[ − sin Θ0 e−iΦ0 cos Θ0
eiΦ0 cos Θ0 sin Θ0
]
. (20)
QFI obtained using Eq. (13) is then
Fθ(%θ0,φ0 ,M←→Θ0,Φ0) =
ε2t,1(cos δφ0 cos θ0 cos Θ0 + sin θ0 sin Θ0)
2
1− ε2t,1(cos δφ0 sin θ0 cos Θ0 − cos θ0 sin Θ0)2
.
For δφ0 = 0, we obtain,
Fθ(%θ0,φ0 ,M←→Θ0,φ0) =
ε2t,1 cos
2 δθ0
1− ε2t,1 sin2 δθ0
. (21)
Fig. 2 displays the profile of QFI in the above scenario.
It can be observed that, for the optimal case of δφ0 = 0
and δθ0 = 0 (i.e., SLD), we obtain the upper bound for
the mixed state QFI, i.e.,
Fθ(%θ0,φ0 ,M←→θ0 ,φ0) = ε
2
t,1 = Tr
[
%θ0,φ0
{
M←→
θ0 ,φ0
}2]
,(22)
since
{
M←→
θ0 ,φ0
}2
= ε2t,112 [22]. Also, for the maximally
biased observable with δθ0 = pi/2, QFI vanishes through-
out.
As a specific example, for the state ρ0,0 = |0〉〈0|, we
obtain M←→
0 ,0
= σx as the unbiased observable, and the
maximum QFI, Fθ(ρ0,0, σx) = 1.
An important application of QFI is that it provides a
bound to the variance (∆θ)2, via quantum Cramer-Rao
FIG. 2. (Color online) Profile of QFI Fθ versus the deviation
δθ0 in the polar angle and the purity εt,1 as described by Eq.
(21).
bound
(∆θ)2 ≥ 1
kFθ(%θ0,φ0 ,M←→θ0 ,φ0)
=
1
kε2t,1
, (23)
where k is the number of independent measurements on
identically prepared states in the neighborhood of %θ0,φ0
[18]. In the NMR case, the number of independent mea-
surements k ∼ 1015, same as the number of molecules in
the experimental sample. Taking εt,1 ∼ 10−5, we obtain
Fθ ∼ 10−10. Nevertheless, ∆θ < 10−2, which represents
a reasonably high precision.
2. QFI of a single-qubit: Azimuthal parameter
Proceeding in a similar fashion as above, we obtain
M
θ0,
←→
φ0
= 2
∂%θ0,φ
∂φ
∣∣∣∣
φ0
= εt,1
∂nˆ
∂φ
∣∣∣∣
φ0
.~σ, (24)
using Eq. (3). Since nˆ0.
∂nˆ
∂φ
∣∣∣
φ0
= 0, to achieve optimal
measurement one has to measure in a direction orthog-
onal to the state %θ0,φ0 . Again, we consider a deviation
of a chosen observable from the optimal observable via
Θ0 = θ0 + δθ0 and Φ0 = φ0 + δφ0, and the corresponding
biased observable is then
M
Θ0,
←→
Φ0
= εt,1 sin Θ0
[
0 −ie−iΦ0
ieiΦ0 0
]
. (25)
QFI obtained using Eq. (14) is then
Fφ(%θ0,φ0 ,MΘ0,
←→
Φ0
) =
ε2t,1 cos
2 δφ0 sin
2 θ0
1− ε2t,1 sin2 δφ0 sin2 θ0
,
5which is independent of δθ0. For the unbiased observable
(SLD) i.e., δθ0 = δφ0 = 0, we obtain,
Fφ(%θ0,φ0 ,Mθ0,
←→
φ0
) = ε2t,1 sin
2 θ0 = Tr
[
%θ0,φ0
{
M
θ0,
←→
φ0
}2]
(26)
[22]. The quantum Cramer-Rao bound in this case is
therefore
(∆φ)2 ≥ 1
kFφ(%θ0,φ0 ,Mθ0,
←→
φ0
)
=
1
kε2t,1 sin
2 θ0
. (27)
3. QFI of a single-qubit: Dual parameters - θ and φ
In this case, we consider independent measurement
of θ and φ and hence the corresponding QFIs are
Fθ(%θ0,φ0 ,M←→θ0 ,φ0) and Fφ(%θ0,φ0 ,Mθ0,←→φ0 ). We now seek
an effective dual parameter QFI, denoted by F(%θ0,φ0),
which quantifies the maximum overall information. To
this end we utilize two-parameter quantum Cramer-Rao
bound given by [23]
(∆θ)2 + (∆φ)2 ≥ 1
kF(%θ0,φ0)
. (28)
Here the effective dual-parameter QFI is related to the
single-parameter QFIs via
1
F(%θ0,φ0)
=
1
Fθ(%θ0,φ0 ,M←→θ0 ,φ0)
+
1
Fφ(%θ0,φ0 ,Mθ0,
←→
φ0
)
=
1 + sin2 θ0
ε2t,1 sin
2 θ0
. (29)
4. QFI of an N-qubit STR: Polar parameter
Let us first consider an N-qubit STR prepared in a
precorrelated initial state in the neighborhood of ρθ0,φ0
described in Eq. (9). In this case, maximum QFI cor-
responding to an unbiased observable M←→
θ0 ,φ0
(SLD) is
given by (see Eq. (22))
Fθ(ρθ0,φ0 ,M←→θ0 ,φ0) = Tr
[
ρθ0,φ0
{
M←→
θ0 ,φ0
}2]
(30)
[18]. Using the form of M←→
θ0 ,φ0
as in Eq. (17), we obtain
Fθ(ρθ0,φ0 ,M←→θ0 ,φ0) =
∑
i,j,λi 6=−λj
4
∣∣∣∣〈λi ∣∣∣∣ ∂ρθ,φ0∂θ ∣∣∣
θ0
∣∣∣∣λj〉∣∣∣∣2
(λi + λj)2
λi.
(31)
Now we apply the following semi-analytical approach
to analyze the above equation. First we choose particu-
lar values for N and εa,1 and a random value for φ0, to
setup ρθ,φ0 with arbitrary θ variable. This allows us to
calculate the partial derivative ∂ρθ,φ0/∂θ and evaluate it
at θ = θ0. We diagonalize ρθ0,φ0 to obtain eigenvalues λi
and corresponding eigenvectors |λi〉. QFI can now be es-
timated using Eq. (31). Finally we varied N and studied
the profile of Fθ(ρθ0,φ0 ,M←→θ0 ,φ0)/ε
2
a,1 over a randomized
distribution of θ0 and φ0. Using such a semi-analytical
approach, we found that the maximum QFI has the form
Fθ(ρθ0,φ0 ,M←→θ0 ,φ0) = ε
2
a,1(N − 1), (32)
where N ≥ 2. Thus, in an STR with the target qubit
precorrelated with ancillary qubits, all with small purity
factors, QFI grows linearly with the number of ancil-
lary qubits and quadratically with the purity factor εa,1
(for small purity, εa,1  1). Accordingly, the quantum
Cramer-Rao bound for the variance (∆θ)2 in this case is
(∆θ)2 ≥ 1
kε2a,1(N − 1)
. (33)
It can be noted that a similar precorrelation between
probe and ancillary qubits in the presence of noise also
leads to the enhancement in QFI [24].
However consider the uncorrelated state
ρucθ0,φ0 = 12N /2
N + εt,N (σθ0,φ0 ⊗ 12N−1)/2 + εa,N
N∑
i=2
Iiz
(34)
(see Eq. (6)). In this case, again using the semi-
analytical approach, we found that
Fθ(ρ
uc
θ0,φ0 ,M←→θ0 ,φ0) ≈ ε
2
t,1(1 + Fθ(ρθ0,φ0 ,M←→θ0 ,φ0)) ≈ ε
2
t,1,
since Fθ(ρθ0,φ0 ,M←→θ0 ,φ0) 1 in small purity states, which
is no better than the single qubit case described in Eq.
(22). Thus ancillary qubits offer no advantage unless
they are precorrelated with the target. This implies that
ρucθ0,φ0 is equivalent to %θ0,φ0 with respect to QFI.
5. QFI of an N-qubit STR: Azimuthal parameter
Again we consider an N-qubit STR prepared in the
neighborhood of a precorrelated initial state described
by Eq. (9). Using similar methods applied for obtaining
Eq. (32), we found
Fφ(ρθ0,φ0 ,Mθ0,
←→
φ0
) = rε2a,1(N − 1), (35)
where the factor r ∈ [0, 1] depends on θ0 and φ0, and
N ≥ 2. The corresponding quantum Cramer-Rao bound
for the variance (∆φ)2 is
(∆φ)2 ≥ 1
krε2a,1(N − 1)
. (36)
However consider the uncorrelated state ρucθ0,φ0 described
in Eq. (34). In this case, using the semi-analytical ap-
6proach described earlier, we found that
Fφ(ρ
uc
θ0,φ0 ,Mθ0,
←→
φ0
) = ε2t,1 sin
2 θ0. (37)
Comparing the above equation with Eq. (26), we find
no advantage of ancillary qubits unless they are precor-
related with the target and that, %θ0,φ0 and ρ
uc
θ0,φ0
are
equivalent with respect to QFI.
6. QFI of an N-qubit STR: Dual parameters - θ and φ
Just like the one-qubit case (see Eqs. (28) and (29)),
the dual-parameter quantum Cramer-Rao bound in the
N-qubit STR is given by [23]
(∆θ)2 + (∆φ)2 ≥ 1
kF(ρθ0,φ0)
, (38)
where
F(ρθ0,φ0) = ε
2
a,1(N − 1)r/(1 + r) (39)
is the effective dual-parameter QFI.
III. EXPERIMENTS AND NUMERICAL
ESTIMATIONS
The experiments were carried out on a Bruker 500 MHz
high-resolution NMR spectrometer using a liquid sample
containing 300 µl of acetonitrile (H3C2N) dissolved in
400 µl of deuterated acetonitrile (D3C2N) at 300 K. We
used the spin-1/2 nuclei of naturally abundant 13C nu-
cleus as the target qubit and three spin-1/2 hydrogen nu-
clei of the methyl group as the ancillary qubits (qubits 2,
3, and 4) (see Fig. 1(b)). In this spin-system, the indirect
spin-spin C-H couplings were J1i = 136.2 Hz (i = 2, 3, 4)
while the H-H couplings are effectively nullified by mag-
netic equivalence. We had chosen on-resonance carrier
frequencies for both the nuclear species. Various steps
in the QST of a target qubit without and with ancillary
qubits are described in Fig. 1(c) and 1(d) respectively.
In the following we describe estimation of QFI of the
target qubit with and without exploiting the ancilla, and
experimental QST with an STR.
1. Estimating QFI of an isolated (uncorrelated) qubit
Here we estimate QFI of the target qubit for the follow-
ing states: (i) σ0,0, (ii) σpi/2,0, (iii) σpi/2,pi/2, (iv) σpi/4,0,
and (v) σpi/4,pi/2. As explained in Sec. II A and in Fig.
1(c), the first step of QST involves the direct quadrature
detection of %θ0,φ0 to determine φ0. Since the quadrature
detection involves partitioning the original signal into
real and imaginary parts (using a reference wave with
0 and pi/2 phase-shifts [25]), we may use the additivity
property of QFI [26] to obtain the effective azimuthal
quadrature QFI
Fφ(%θ0,φ0 , Ix + iIy) =
1
2
Fφ(%θ0,φ0 , Ix) +
1
2
Fφ(%θ0,φ0 , Iy).
(40)
Effective polar quadrature QFI Fθ(%θ0,φ0 , Ix + iIy) is de-
fined similarly. In Eq. (40), each term on the right hand
side is estimated using Eq. (14). However, the θ0 mea-
surement involves destroying coherences using a pulsed
field gradient followed by an Iz measurement. In NMR,
Iz measurement can be achieved by applying a (pi/2)y
pulse on the state followed by an Ix measurement. This
allows us to estimate Fθ(%θ0,φ0 , Iz) = Fθ(%
′
θ0,φ0
, Ix + iIy)
using expression for Fθ(%θ0,φ0 , Ix+iIy) (see Eq. (40)) and
Eq. (13). The dual parameter QFI corresponding to the
QST observables is now obtained using the expression
[23]
1
FQ(%θ0,φ0)
=
1
Fθ(%′θ0,φ0 , Ix + iIy)
+
1
Fφ(%θ0,φ0 , Ix + iIy)
.
Table I lists the values of QFI FQ(%θ0,φ0) for various
initial states. However, if the target qubit is known to
be in the neighborhood of %θ0,φ0 (QST do not require
this information), one can perform optimal (unbiased)
measurements to obtain F(%θ0,φ0) (as in Eq. (29)), whose
estimated values are also listed in Table I.
2. A correlated target qubit in an STR: Experimental QST
and estimation of QFI
The experimental steps for preparing correlated STR,
transformation of the target qubit into σθ0,φ0 , QST, and
measurements are described in Fig. 1(d). First we pre-
pared a target-ancilla correlated state of the form ρ1 (Eq.
(8)). Then using a rotation of θ0 about a unit vector
cos(φ0 +pi/2)xˆ+sin(φ0 +pi/2)yˆ we rotate the target state
σ0,0 into σθ0,φ0 corresponding to each of the five states
described in section III 1. As explained in section II B we
experimentally performed QST of the target qubit (13C)
using a single-shot quadrature measurement of MQ ob-
servable (see Eq. (12)) of the ancilla (1H) (with the help
of tomography pulses; see UT in Fig. 1(d)). Correlations
(see Eq. (4)) obtained for various states are tabulated
in Table I. Similar to Eq. (40) we define the effective
azimuthal quadrature QFI as
Fφ(ρθ0,φ0 ,MQ) =
1
2
{
Fφ(ρθ0,φ0 ,
∑
q
Mqx) + Fφ(ρθ0,φ0 ,
∑
q
Mqy)
}
.
The effective polar quadrature QFI Fθ(ρθ0,φ0 ,MQ) is de-
fined in a similar way and the dual parameter QFI is
estimated using the expression [23]:
1
FQ(ρθ0,φ0)
=
1
Fθ(ρθ0,φ0 ,MQ)
+
1
Fφ(ρθ0,φ0 ,MQ)
. (41)
7σθ0,φ0 C
QFI
With QST-based observables With optimal observables (SLD)
FQ(%θ0,φ0)/ε
2
a,1 FQ(ρθ0,φ0)/ε
2
a,1 Amplification F(%θ0,φ0)/ε
2
a,1 F(ρθ0,φ0)/ε
2
a,1 Amplification
(Uncorrelated) (Correlated STR) (Uncorrelated) (Correlated STR)
σ0,φ0 0.994 0 0 - 0 0 -
σpi/2,0 0.984 0.016 0.165 10 0.031 1.5 48
σpi/2,pi/2 0.998 0.016 0.186 12 0.031 1.5 48
σpi/4,0 0.999 0.008 0.109 14 0.021 1.0 48
σpi/4,pi/2 0.999 0.008 0.149 19 0.021 1.0 48
TABLE I. Experimental correlations (C) obtained with QST, and estimated QFIs for a set of states and corresponding QFI-
amplification factors under various scenarios. Note that corresponding to θ0 = 0, the azimuthal parameter φ0 is indeterminate
(hence dual parameter QFIs vanish). Hence the corresponding state is σ0,φ0 .
The estimated values of FQ(ρθ0,φ0) are listed in table
I. The estimated values of the QFI with optimal mea-
surements i.e., F(ρθ0,φ0) (as in Eq. (39)) are also listed in
Table I. We find that the QFI FQ(ρθ0,φ0) corresponding
to the quadrature measurement of the correlated target
qubit is amplified by an order of magnitude compared to
the isolated (uncorrelated) qubit’s QFI FQ(%θ0,φ0). Even
the QFIs corresponding to the optimal measurements
on the correlated target qubit are also amplified by
a factor of 48 compared to that of the isolated qubit.
Interestingly, it can be related to the polarization
enhancement factor, which in the case of N -spin STR
happens to be (εa,1/εt,1)
√
N − 1 = (γa/γt)
√
N − 1 [27].
For acetonitrile this factor is about 6.93. Since QFI
grows quadratically with the purity and linearly with
number of ancillary qubits, one can expect 6.932 ' 48
to be the amplification factor as evident from Table I.
However FQ(ρθ0,φ0) is much less than the maximum
QFI corresponding to SLD i.e., F(ρθ0,φ0), this is because
the former is obtained by QST-based observables with
no prior information about the state of the target qubit,
while the latter is obtained with optimized observables
setup using the prior information that the target state is
in the neighborhood of ρθ0,φ0 .
IV. SUMMARY AND CONCLUSION
Quantum Fisher information (QFI) is a tool to
quantify the maximum achievable precision in measuring
an unknown parameter with given amount of resource.
We proposed and demonstrated in an NMR setup, a
protocol to amplify QFI of a target qubit using a set
of ancillary qubits. For convenience, we chose a star
topology register (STR), which consists of a central
target qubit surrounded by a set of identical ancillary
qubits. While an STR does not allow any individual
control on the ancillary qubits, it allows the target qubit
to efficiently correlate with all the ancillary qubits,
leading to several interesting applications. In this work,
we showed that, if the target qubit is precorrelated
with the ancillary qubits, it is possible to achieve a
full quantum state tomography (QST) of the target
qubit by a single quadrature measurement of only
ancillary qubits. We studied QFI of a target qubit that
is correlated with the ancillary qubits and compared it
with QFI of the uncorrelated target qubit. In both cases,
we estimated QFI corresponding to (i) the observables
used for Quantum State Tomography (QST) with no
prior information about the state of the target qubit
and (ii) the optimal observables obtained given the
state of the target qubit to be in the neighborhood of
ρθ0,φ0 . We showed that if the target qubit is initially
precorrelated with ancillary qubits, we can achieve
an order of magnitude amplification in QFI compared
to the uncorrelated case even with QST observables.
We further showed that with optimal observables, the
amplification is not only higher, but also scales linearly
with the size of the STR (i.e., number of ancillary qubits)
and quadratically with the purity of individual ancillary
qubits (for small purity, εa,1  1). We believe that this
protocol is a step towards realizing efficient quantum
measurements applicable for a variety of quantum
architectures including spin-based architectures.
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